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Communications to the Editor

Maximum Entropy Analysis of Photon
Correlation Spectroscopy Data Using a Bayesian
Estimate for the Regularization Parameter

The analysis of data collected by dynamiclight scattering
(DLS) through photon correlation spectroscopy (PCS) has
been a matter of discussion since almost the beginning of
the technique. The problem consists of finding f(r) in

GH(t) = A+[ [ fr) /" dr]? (1)

where G@(t) is the measured second-order PCS autocor-
relation function and f(7) a distribution of relaxation times.
Aisabaseline whichis close to 1.0. The problem is known
to be ill-posed,!! and various regularization techniques
have been applied to solve it. Recently, the maximum
entropy (ME) technique has been given considerable
attention by several authors, such as Livesey et al.l or
Nyeo and Chu.2

One of the features of a typical DLS data set is that it
is oversampled; that is, the amount of independent
information contained is much less than the number of
measured data points. The Cambridge MaXeNT algorithm
that was used in refs 1 and 2 did not take this property
into account explicitly and, therefore, converged rather
slowly. With a new algorithm especially adapted to over-
sampled data,3 which converges by an order of magnitude
faster, it is now possible to include some recent develop-
ments in ME theory: automatic determination of the reg-
ularizer by a Bayesian estimate, calculation of the cova-
riance of the solution, and Bayesian estimation of so-called
“nuisance parameters”, like the base line in the case of
DLS data. We have reported some preliminary results3®
obtained by our program (MexpLs!?) for the treatment of
DLS and other oversampled data. The details of the
algorithm have been described in ref 3. It is applicable
to fitting problems where the measured data set (given by
an N-dimensional vector D) is related to a model (given
by an M-dimensional vector f) through the combination
of alinear transformation by a matrix T, followed by some
nonlinear function. For example, the second-order cor-
relation function in DLS would be represented by

D = A + b(Tf)* (2)

where D is the second-order autocorrelation function
G@(t). ThematrixT contains the values of the exponential
e~"/% for decay time r; and measurement time ¢y, A is the
experimental base line, and b is the total decay amplitude.
The fitting problem is transformed into the space of the
singular vectors of T, which greatly reduces the dimen-
sionality of the problem; typically, T is a 150 X 150 matrix
but has only 15~25 significant singular values due to the
oversampled nature of the problem.

The main new features of our program are as follows:

(i) Previous studies!? used first-order correlations g{1)(¢)
as constraints in the calculation. These have to be
calculated from the experimental readings of G®@(t).
Consequently, as mentioned in ref 1 and also shown in ref
10, the data points with small g)(t) are very sensitive to
the value estimated for the base line. Our method uses
G@(t) directly in a nonlinear likelihood function. As
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described in ref 3, either the base line A can be integrated
out of the likelihood or its most probable value can be
found using an iterative method. Thus, we can fit a PCS
data set without relying on a base-line estimate.

(ii) Most current PCS data-fitting methods still use x2
= Nyata (X2 being the variance-weighted sum of squared
deviations between the data set and the theoretical curve
and Ngaea being the number of data points) as a criterion
of fitto the data. The regularizer «, which determines the
balance between likelihood (best fit) and smoothness of
the solution (maximum entropy), is determined by this
criterion. This procedure has been shown in general to
underfit the data.® Using the Bayesian estimate for o
suggested by Gull,® considerably better spectra can be
achieved, as we show in the following. (This estimate
results in a fit with x2 < Nggta.)

(iii) The numerical algorithm for entropy maximization
has been changed to achieve much better performance
with oversampled data by transforming the fitting problem
into the space of singular vectors of the matrix which
transforms from solution space to data space.®* The
convergence problems that existed with the old algorithm
of Skilling and Bryan? when the signal-to-noise ratio of
the data is very high, or when the closer fit to the data
demanded by the Bayesian fit criterion must be achieved,
are considerably reduced by this new algorithm.

(iv) The Bayesian formulation® allows the variances and
covariances of the sample values of the spectrum to be
calculated. Our results on DLS data show that these
quantities are essential for a careful interpretation of the
final spectrum, due to very large values in the covariance
matrix.

One of the main conclusions of ref 2 is that a maximum
entropy analysis of DLS data gives equal or lower resolution
than the widely used coNTIN program for exponential decay
distributions. We show here that the MExpLs algorithm,
using the Bayesian estimate for «, gives better resolution
than conTIN. In particular, we are able to resolve two ex-
ponentials whose relaxation times differ by a factor of 2,
at a noise level 0of 0.1%.5 This resolution is slightly better
than that reported in ref 1 for a similar problem, using the
%2 = Nyata criterion for the fit.

To compare our algorithm with the results given in ref
2, we tested the simulated bimodal distribution data given
in Figure 2a of ref 2, using the MExDLs algorithm. The fit
was then done directly to the simulated second-order au-
tocorrelation function G\(¢t), which was obtained from
the model f(7) by the discretized form of eq 1

G2 = A+ [D_fe /) (3)

Five data sets were generated, following exactly the
description given in ref 2, with different seeds for the
random-number generator and a simulated noise level of
0.1%. The result of the MEXDLS analysis of these data sets
is displayed in Figure 1 together with the original
distribution. Two peaks are resolved in all cases; while
the peak heights and widths scatter widely, their mean
positions and areas are very close to those of the original
distribution (Table I). If, as a comparison, we use the x2
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Figure 1. (a) MEXDLS analysis of a simulated autocorrelation
function corresponding to a distribution of decay rates. The
original distribution is indicated by the solid line; the differently
dashed lines show the results of the analysis of five data sets,
derived from the same distribution, with the same noise amplitude
but different seeds for the random-number generator. The data
sets were generated exactly as described in ref 2, adding 0.1%
Gaussian noise to the data. The data sets are identified by their
file names: (---) TP3001, (- --) TP3002, (---) TP3003, (--)
TP3004, (— —) TP3005. (b) Influence of the choice of the reg-
ularizer « on the result of the MEXpLS analysis. The plots show
the results of analyzing the TP3002 data set of Figure 1la using
the most probable value of « as discussed in ref 3 (solid line) or
using the x? = Nyu, criterion (dashed line).

Table I
Integration of Peak Areas from the Results Displayed in
Figure 12
data set no. peak 1 peak 2 remaining spectrum

TP3001 5.645 1.344 0.07
TP3002 5.288 1.393 0.049
TP3003 5684 1.356 0.061
TP3004 5623 1.347 0.069
TP3005 5.414 1.365 0.064

mean 5531 1.361 0.063

SD 0.17 020 0.0084

SD from a covariance matrix 0.76 0.49 0.018

2 Areas are given in relative units.

= Ngata criterion with our algorithm, we obtain essentially
the same smooth curve as given in ref 2 for the maximum
entropy solution (Figure la).

It is important to note that the data, although derived
originally from a continuous bimodal distribution, only
allow the determination of a limited number of indepen-
dent parameters. This means that the sample values of
the calculated distribution are not independent. We find
that the “number of good observations”, Ng, as defined in
refs 5 and 7, is 7.4 £ 0.9 for the spectra presented here.
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Figure 2. (a) MEXDLS analysis of a simulated autocorrelation
function correspond to two exponential decays with relaxation
times 1073 and 5 X 10~ s and equal decay amplitudes (positions
indicated by vertical dashed lines). (—) MEXDLS solution using
an estimated regularizer as described in ref 3; (— —) MEXDLS 80lution
using the most probable value of «; (---) CONTIN's “chosen
solution”. (b) As a, with relaxation times 10-% and 3.333 x 10
s.

A qualitative interpretation is that parameters such as
peak positions, areas, and widths are well-determined but
peak shapes are not.

Parts a and b of Figure 2 show MEXDLS analyses of DLS
data consisting of two discrete components of equal
amplitude spaced by a factor of 2 and 3, respectively, with
a noise level corresponding to 108 counts/channel and an
amplitude/base line ratio of 1. MEXDLS resolves the two
components in both cases. coNTIN’s “chosen solutions™!!
are plotted for comparison; here the factor 2 spacing is not
sufficient to achieve resolution. In both cases, the peak
centers of the MEXDLS solution are positioned very close to
the original data. The solutions were obtained either by
using the approximate criterion for the regularizer o, Ny
= -2a8, described by Gull,® where Ng is the number of
good observations and S the entropy, or by calculating the
most probable value of o by a search method. Both
solutions are very close to each other (solid and dashed
lines in Figure 2a,b).

The properties of the solution f(r) can be better
visualized by plotting its covariance matrix cov(f(r;) f(;)).
Figure 3 shows such a plot for one of the five data sets of
Figure 1. The diagonal of the plot represents the variance
of each point of the spectrum. It can be seen that closely
neighboring points always have strong negative covari-
ance. This is plausible since an arbitrary increase of the
distribution f(7) at 7; balanced by a similar decrease at r;
+ ¢ will result in a theoretical autocorrelation function
that fits the data equally well. The two resolved peak
centers have positive covariance and correlate negatively
with the minimum between. Thus we see that, for different
noise realizations, the amplitude ratio of the two peaks
stays constant (see Table I) while the valley between the
two peaks may be more or less pronounced.
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Figure3. Graphical representation of the covariance matrix for
the MEXDLS analysis of the data set TP3002 from Figure 1b. The
two axes of the plot correspond to decay time on a logarithmic
scale: (solid lines) positive elements; (broken lines) negative
elements.

Although the distribution function is in principle
continuous, it is always represented on a discrete grid.
The value at a grid point therefore represents the integral
of the continuous spectrum over a finite interval. There-
fore, the values in the covariance matrix of f also depend
on the grid spacing. To give an example, going from an
N-point spectrum to an N/4-point spectrum means that
the new spectrum is given by summing over four adjacent
points of the old spectrum, and each element of the new
covariance matrix is obtained by summing over 4 X 4
squares of the old one. For the diagonal elements that
determine the variance of the spectrum, the negative off-
diagonal contributions partly cancel the positive contri-
butions from the diagonal; thus, the net variance of the
diagonal elements of the coarser grid will be smaller.

Hence, integration over larger ranges of the spectrum
will give more accurately determined quantities. For
example, in Table I we have divided the spectrum into
three parts: the two major peaks and the remaining
spectrum. The standard deviations (SD) for each integral
as obtained from the diagonal elements of the covariance
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matrix are on the order of 5~-10% , whereas the variations
between individual data sets due to different noise
realizations are somewhat smaller. This result is related
to the fact that a change in the noise realization only
changes the data, which determines N; = 7.4 £ 0.9
independent parameters. Changing the noise will there-
fore sample only a 7.4-dimensional subset of the space of
all possible spectra, while the covariance matrix contains
contributions due to uncertainties in the data and the
width of the prior probability distribution of f(r).

In conclusion, we state that a correct application of Bay-
esian statistics to the analysis of PCS data can lead to
multiexponential decay spectra of good resolution in a
rather consistent way, with estimation of variances and
covariances of the result of the analysis. A cautious
interpretation of these results, using averages over suitable
parts of the covariance matrix, is however required.
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